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Kinematic Glacier Thickness Inversion Using 3-D
Flow Velocities From Multitrack SAR Images

Liye Yang
Xie Hu

Abstract—A ccurate estimation of glacier thickness across space
and time is essential for understanding glacier dynamics and
their response to climate change. Traditional approaches are
often constrained by uncertainties arising from dependence on
poorly understood physical parameters. In this study, we develop a
remote-sensing—based framework for glacier thickness inversion
using multitrack synthetic aperture radar observations. Three-
dimensional displacement time series of the Jiongpu glacier in High
Mountain Asia were generated from Sentinel-1 imagery acquired
between 2019 and 2022 using a pixel offset multidimensional small
baseline subsets technique. These velocity fields were combined
with surface mass balance to invert glacier thickness through a
Monte Carlo approach, in which the rheological parameter was
adaptively optimized based on terrain slope and horizontal velocity.
Sensitivity analyses demonstrate that rheological parameter opti-
mization reduces uncertainty by up to 18.4% in standard deviation
and 20.4% in coefficient of variation compared with fixed values,
while the inclusion of vertical velocity further decreases variation
by 42.1% . Perturbations of slope by plus or minus 2.0 degrees
increase thickness uncertainty by as much as 6.08 m. Thickness
change estimates along a transect show strong agreement with
elevation change from ICESat-2, with a correlation coefficient of
0.91. These findings confirm that the proposed framework effec-
tively captures the spatiotemporal variability of glacier thickness
and reduces inversion uncertainty, providing a robust and scalable
approach for monitoring glacier evolution and associated hazards
in data-scarce mountainous regions.

Index Terms—Glacier 3-D velocities, glacier thickness, high-
mountain Asia, multitrack SAR images, pixel offset tracking and
multidimensional small baseline subset (PO-MSBAS).
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I. INTRODUCTION

HE ice thickness distribution of glaciers is a fundamental
T parameter for many glaciological applications [1], [2].
Modeling glacier thickness is important because it allows as-
sessing long-term changes in glaciers and simulating glacial lake
outburst floods (GLOF) caused by glacial avalanches moving
into lakes [3], [4], [S]. Estimating glacier thickness contributes to
more accurate assessments of ice loss [6], [7]. Currently, glacier
melt accounts for 25% —30% of sea level rise [8]. Despite the
importance of glacier thickness, direct measurements of glacier
thickness are limited due to the complex mountainous topog-
raphy of the high-mountain area (HMA). Conventional mea-
surement techniques, including radio-echo sounding or borehole
measurements, are expensive and laborious-intensive.

International efforts over the past few decades have signif-
icantly improved the representation of glacier thickness [1],
[2], [3], [9], [10]. The simplest method, known as the scaling
method, investigates the relationships between glacier area and
volume. This approach provides an estimate of the average ice
thickness for a glacier [11], [12], [13]. Other glacier thickness
models mostly use simplified glacier geometries based on the
width-averaged centerline approach and make strong assump-
tions about basal shear stress or surface mass balance gradients
[14]. Currently, models for estimating glacier thickness have
developed from theoretical considerations [15], [16], [17] to
neural network approaches [18], [19]. This leads to a situation
where, although many methods are available, they often have
low applicability and spatial resolution due to the lack of many
physical parameters (e.g., basal shear, rate of thickness change,
and basal velocity). These models rely on multiple datasets, are
sensitive to the quality of the input data, and are less applicable
to other mountain glaciers.

Glacier flow defines ice transfer and largely controls the spa-
tial distribution of ice volume [20]. As an important constraint
for glacier thickness modeling, mapping glacier flow remains
relatively difficult due to the limited availability of optical
images with sufficient quality and resolution. With the launch
of multiple synthetic aperture radar (SAR) systems over the
past decade, high spatiotemporal resolution observations have
opened up new opportunities for mapping the ice-flow velocities
in Earth’s glaciers [20], [21]. The amplitude-based pixel offset
tracking method works well, overcoming inclement weather
conditions and loss of coherence from optical feature-tracking
and InSAR methods [22], [23]. The SAR offset tracking method
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Fig. 1.

estimates glacier velocities in both line-of-sight (LOS) and
azimuth directions [22], [24]. Moreover, real three-dimensional
(3-D) flow velocities of glaciers can be retrieved based on
ascending and descending SAR images [25], [26]. Obtaining
full 3-D glacier velocities is significant, as it provides essential
measurements for estimating glacier thickness, evaluating po-
tential glacier avalanches, and simulating GLOF hazard chains
(41, [5], [23].

In this study, we present the thickness method based on
3-D glacier velocities using noncontact remote sensing data.
We apply this approach to the Jiongpu glacier in the HMA
region, which has undergone the most significant mass loss
in the Eastern Nyaingéntanglha range [27], [28]. Following
an introduction to the study area, we describe the inversion
framework in detail. The method establishes a relationship
between 3-D glacier velocities and ice thickness based on the
principle of mass conservation. The 3-D velocity fields are
derived from multitrack SAR observations. The rheological
parameter is optimized based on horizontal velocity and terrain
slope. We then present the results of glacier 3-D velocities
and the inversion of glacier thickness. To assess the sensitiv-
ity of the inversion, we conduct a Monte Carlo-based uncer-
tainty analysis, focusing on the impacts of variable rheologi-
cal parameters, time-dependent ice velocity fields, and slope
change. Finally, to evaluate the robustness of our inversion
results, we compared the modeled thickness change rates over
different time periods with the elevation change rates derived
from Ice, Cloud, and land Elevation Satellite 2 (ICESat-2)
datasets. While ICESat-2 provides elevation changes rather than
direct ice thickness measurements, this comparison allows us
to assess the spatiotemporal consistency of our results, thereby
supporting the reliability of the method. The methodology in our
study demonstrates clear advantages in producing spatiotempo-
ral glacier thickness estimates with quantified uncertainty, and it
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holds potential for application to other data-sparse mountainous
glaciers.

II. STUDY AREA AND ITS IMPORTANCE

The parent glacier for Jiongpu lake is located in southeastern
Tibet, as shown in Fig. 1. Glacial melt in this area is an essential
source of water for several major rivers in South and Southeast
Asia [29]. The study area experiences the longest annual rainy
season across the entire Tibetan Plateau, primarily due to the
intrusion of the South Asian monsoon through the Grand Bend
of the Yarlung Zangbo River [30], [31]. The average annual
temperature is 9.0 °C. January is the coldest month with a mean
temperature of 0.3 °C, and July is the hottest month, with a mean
temperature of 16.7 °C [30], [31]. The rainy season in the study
area typically lasts nearly seven months, from March to October,
with over 80% of annual precipitation occurring between June
and September. These months receive the highest amount of
rainfall and contribute significantly to the overall precipitation
in the region [30], [31].

Few studies have investigated glacier mass loss and lake
expansion in Jiongpu lake [27], [32]. Li et al. [32] reported
that the lake area expanded from 1.19 * 0.09 km? to 5.34
+ 0.07 km?, resulting in a subaqueous equivalent ice loss of
0.26 = 0.12 Gt over 20 years. Zhang et al. [27] indicated that
Jiongpu lake experienced the largest volume increase from 2000
to 2020. Its growth rate of 0.29 = 0.18 km? per decade was
the highest rate observed in the Eastern Nyaingéntanglha range.
During the same period, the mass loss of the Jiongpu glacier
was 0.26 + 0.12 Gt, which exceeded 0.2 Gt, making it one of
the glaciers with the largest estimated mass loss in Tibet [27],
[31]. However, there is a lack of studies on multidimensional
glacier velocities and thickness for the Jiongpu glacier. Under-
standing the ice thickness of the Jiongpu glacier is essential for
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Fig. 2. Flowchart of glacier thickness inversion and uncertainty analysis.
evaluating its potential threat associated with GLOF hazards.
Therefore, we integrated multisource remote sensing datasets,
including ascending and descending Sentinel-1 SAR images,
digital elevation model (DEM) datasets, ICESat-2 datasets,
and mass balance rate, to monitor glacier 3-D velocities and
thickness.

III. DATA AND METHODS

We designed a comprehensive remote sensing method to re-
trieve the 3-D glacier velocities and thickness using SAR images,
DEM, ICESat-2 datasets, and mass balance rate, as illustrated
in Fig. 2. First, the glacier displacement in azimuth and LOS
directions of ascending and descending Sentinel-1 SAR images
was estimated using the SAR offset tracking method. For this
study, we used Sentinel-1A SAR imagery in the Interferometric
Wide swath mode, with a spatial resolution of approximately
5 m (range) X 20 m (azimuth). The polarization mode was

J

iConsistency Evaluation Using Multi-Temporal
I iThickness Change Rates and ICESat-2 datasets

/

VV. The incidence angle was about 34° for both ascending
and descending passes, while the azimuth heading angles were
—13° for the ascending track and —170° for the descending
track.

We selected the shuttle radar topography mission (SRTM)
DEM for its global coverage and extensive use in remote regions.
It was used for the coregistration of the multitemporal SAR
images [22], [23]. Then, we retrieved the 3-D flow velocities
and displacement time series from the azimuth and LOS dis-
placements based on multitrack SAR pixel offset tracking and
multidimensional small baseline subsets (PO-MSBAS) method
[23], [25]. Moreover, we determined the optimum rheolog-
ical parameter f, which characterizes the flow behavior of
the glacier, by analyzing the ratio between terrain slope and
glacier horizontal velocity. For slope estimation, we selected
the advanced land observing satellite (ALOS) phased array
type L-band synthetic aperture radar (PALSAR) DEM (ALOS
PALSAR DEM) because it offers sufficient spatial coverage
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and appropriate resolution for our study area. We compared
the glacier surface slopes derived from the ALOS PALSAR
DEM and the Copernicus DEM. The results showed negligible
differences between the two products over glacier surfaces,
indicating that the use of the ALOS PALSAR DEM does not
compromise the accuracy of slope-dependent glacier thickness
inversion.

To address input uncertainties and improve model robustness,
we implemented a probabilistic inversion strategy based on
Monte Carlo simulations for solving the mass conservation
equation. This approach enabled not only accurate glacier thick-
ness estimations but also quantified their associated uncertain-
ties, including a detailed sensitivity analysis of the inversion
results with respect to rheological parameters, time-variable 3-D
velocity, and slope changes. Finally, we conducted a consistency
evaluation by comparing the multitemporal thickness change
rates and the elevation changes derived from ICESat-2 datasets.
These analyses help assess the robustness and reliability of
the inversion results. The methodology and datasets used are
described in detail below.

A. 3-D Velocities and Displacement Time Series With
Multitrack SAR Images

1) Offset Tracking: For the Jiongpu glacier, 74 Sentinel-1
SAR images with ascending tracks and 49 Sentinel-1 SAR
images with descending tracks from January 2019 to December
2021 were collected and processed to obtain multidimensional
glacier velocities. First, we derived glacier displacement along
the LOS and azimuth directions from ascending and descend-
ing Sentinel-1 SAR images, respectively, using offset tracking
techniques. The thresholds of the temporal and spatial baselines
were set to 60 days and 200 m, respectively, to generate offset
pairs while minimizing decorrelation and coregistration error
caused by the glacier’s rapid surface motion [31]. As a result,
we formed 250 ascending image pairs (one subset) and 123
descending image pairs (three subsets). However, due to gaps
in image acquisitions within the descending Sentinel-1 SAR
dataset, the small baseline subset network was discontinuous.

Offset-tracking was implemented using GAMMA software,
which utilized the normalized cross-correlation coefficient to
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track offsets between SAR images [22], [24]. A matching
window size of 128 x 128 pixels (range x azimuth) and a
search step of 4 x 1 pixels (range x azimuth) were adopted to
balance offset detection accuracy with the presence of outliers.
The spatial resolution of offset fields is about 20 m. We used
a correlation coefficient threshold of 0.3 to eliminate unreliable
offsets. The 1-arc-second SRTM DEM was used to assist the im-
age coregistration. Offsets in both azimuth and LOS directions
were geocoded into the WGS84 coordinate system. To ensure
spatial consistency, the ascending offset maps were resampled
to match the dimensions of the descending offset maps, so
that both sets shared the same grid size and spatial extent.
Finally, displacements in four directions, including ascending
LOS, ascending azimuth, descending LOS, and descending az-
imuth, were obtained to retrieve the 3-D glacier velocities and
displacement time series.

2) Estimation of 3-D Velocity and Displacement Time Series:
The multidimensional small baseline subsets (MSBAS) tech-
nique was used to retrieve 2-D displacement time series from
interferometric phase observations [33], [34]. In this study, the
PO-MSBAS method was employed to obtain 3-D displacement
time series of glaciers. The pixel-offset observations were used
as inputs for the MSBAS model. Using four displacement ob-
servations from ascending and descending SAR images, the 3-D
displacement field can be obtained using the formulas given in
the following equation (1), shown at the bottom of this page,
[23], [25]: where Dg, Dy, and Dy; refer to the displacement in
east, north, and vertical directions, respectively. A represents the
ascending track, D indicates the descending track; 6 represents
the incidence angle; o represents the flight azimuth angle. Do,
DIOSD , DaZA, and DazD represent the LOS displacement of
ascending SAR images, LOS displacement of descending SAR
images, azimuth displacement of ascending SAR images, and
azimuth displacement of descending SAR images, respectively.

The functional model for retrieving the 3-D displacement
from the observed pixel offsets in four directions was built up.
The matrix formis as (2) shown at the bottom of this page, where
B is a design matrix composing imaging geometry parameters.
X is a matrix representing the east, north, and vertical glacier
displacement. L is observation matrix containing the displace-
ments in four directions. Equation (2) can be solved by singular

Dios™ = Dy sin 64 cos(a? — 31) + Dpsin 4 sin(a? — 37

2
Dios® = Dy sin 0P cos(aP — 3T) + Dpsin 6P sin(a? —

D,.* = Dy sin(a? — 3¢

)
D,.P” = Dysin(aP — 2%) — D cos(aP — 37)

sin @4 sin(a—2%)  sin 64 cos(a?

sin P sin(a”—32)  sin 6 cos(a®
—cos(at — 3) sin(a? —
—cos(a? — 2I) sin(a? —

z (1)

3T) —cos 64 b Do
30y —cos 6P E Dios
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0 az
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value decomposition to obtain the 3-D glacier velocities and
displacement time series.

B. Thickness Inversion Based on 3-D Glacier Velocities

In our study, we integrated the 3-D glacier velocities, includ-
ing horizontal and vertical velocity, to infer the glacier thickness.
Previous studies [1], [10], [35], [36] suggested that glaciers can
be treated as incompressible media. The glacier thickness can
be expressed as the divergence of ice flux and the local mass
balance rate

oH _
OH

where %~ is the change in glacier thickness. u is the depth-
averaged glacier velocity. H is the glacier thickness. M is the
local mass balance rate (m/yr ice equivalent, positive for accu-
mulation, negative for ablation). We collected the local averaged
mass balance rate in our study area during the same period
through geodetic methods in previous studies, which indicated
annual glacier mass changes of —0.7, —0.4, —0.1 m.w.e in 2019,
2020, and 2021, respectively [7], [37].

To better understand the relationship between the depth-
averaged velocity and surface velocity, we introduce the rhe-
ological parameter f, which is defined as: @ = fug,s, where
Usyrt 18 the surface horizontal velocity, and f represents rheology
parameter, a constant between 0 and 1 [10], [20].

Then, in this study, the glacier thickness change rate was ap-
proximated using the vertical velocity at the glacier surface, due
to the lack of direct measurements at the glacier base. Previous
studies [15], [35] have demonstrates that this approximation
introduces negligible uncertainty in thickness inversion

0z
87 =-V- (fusuer) +M (€]
T
where % shows vertical velocity derived from multitrack SAR
measurements. Then, the method can be expressed as

V- (fusuer> =M 5
where f represents rheological parameters. wug,s represents
horizontal velocities, which is calculated by combining north-
south and east-west velocities. H represents glacier thickness.
M=M— %‘; represents glacier mass balance rate and vertical
velocity. The mass balance term M incorporates both surface
mass balance and vertical velocity components. The rheological
parameter is known input, while the glacier thickness H is
the unknown variable. The divergence term V - (fugtH) is
approximated using a finite difference scheme on a regular grid.
To solve for glacier thickness, we implemented an iterative
relaxation method, updating thickness values until the residuals
met convergence criteria. Similar iterative approaches have been
employed in glacier modeling studies to approximate steady-
state solutions under mass-conservation constraints [38], [39].

C. Choice of the Optimum Rheological Parameter

The glacier thickness estimated by our method is sensitive
to the choice of the rheological parameter, which essentially
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serves as a scaling factor. Previous studies [1], [10] [35], [36]
suggested that specific values of this parameter correspond to
different flow regimes: f = 1/2 is consistent with a linear verti-
cal velocity profile, f = 2/3 represents Newtonian viscous flow,
2/3 < f < 1 represents plug flow, and f = 1 represents rigid
sliding block. For landslides involving viscoplastic material,
the rheological parameter is bound between 2/3 and 1. For
clay-rich landslides, the value of f = 0.8 £ 0.09 are estimated
from global inclinometer data [39]. For glaciers, depth-averaged
velocities may be up to 15% lower than surface velocities in some
areas where basal ice is frozen to the bedrock [10], [20], [41].
Overall, the selection of the rheological parameter in existing
literature is often based on empirical values [42], [43]. It is also
common practice to assign a single, uniform rheological value
across an entire glacier, without accounting for potential spatial
variability at the glacier surface.

To further mitigate the effect of rheological uncertainty, we
employed a parameterization approach based on glacier horizon-
tal velocity and surface slope [20]. When the slope is nearly flat,
glacier thickness tends to be overestimated. Similarly, surge-type
glaciers, which exhibit high velocities, can also result in thick-
ness overestimation [20]. Therefore, we used the ratio between
surface slope and horizontal velocity of the glacier to determine
the optimum rheological parameter.

First, the horizontal velocity on the Jiongpu glacier was cal-
culated by combining the north-south and east-west components
from SAR-derived 3-D velocities. Then, we obtained the terrain
slope on the Jiongpu glacier through the ALOS PALSAR DEM
of 12.5 m. Thereafter, we calculated the ratio between the slope
and the horizontal velocity of the Jiongpu glacier. Based on
previous studies [10], [20], [38], when the ratio exceeds the
threshold of 0.001, the rheological parameter f is gradually
increased from 0.1 to 0.4, indicating that internal deformation
plays a dominant role in glacier motion. Conversely, when the
ratio is below 0.001, the parameter f is gradually decreased from
0.9 down to 0.6, reflecting a regime dominated by basal sliding
or low-deformation conditions.

To derive spatially-varying rheological parameters f, we
used a piecewise linear mapping based on the ratio between
glacier surface slope and horizontal velocity, denoted as R =
slope /ugy. The piecewise mapping is defined as

B {0.1 +(0.4—0.1) 5= - R > Ry ©

0.9 = (0.9-0.6) £, R < Ro

where Ry = 0.001 is the threshold, and R, .y is the maximum
value of R across the glacier domain. Therefore, instead of
using a single empirical value for the entire Jiongpu glacier, we
calculated spatially varying values of the rheological parameter
f- This approach allowed us to determine the optimum thickness
of the glacier using the optimized value of f.

D. Uncertainties Analysis of Thickness Results

To estimate the uncertainty of glacier thickness inversion, we
employed a Monte Carlo simulation instead of relying on error
propagation. This method is particularly suitable for remote or
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Three-dimensional glacier flow velocities at four periods. (a)-(d) 3-D velocities between January 2019 and April 2019, October 2019 and July 2020,

January 2021 and March 2021, June 2021 and December 2021, respectively. The same Sentinel-1 SAR dataset was used in [31].

data-scarce regions, where direct observations (e.g., ground-
penetrating radar or borehole measurements) are typically un-
available. Prior studies have demonstrated that in such contexts,
sensitivity analyses serve as effective tools for assessing the
robustness and stability of glacier thickness estimates [1], [38],
[39].

In our Monte Carlo framework, we introduced random per-
turbations to key input variables, including the rheological
parameter, 3-D velocities, and slope. For each perturbed real-
ization, the glacier thickness was reinverted, and this process
was repeated for a large number of iterations. The ensemble
of thickness enabled us to quantify uncertainty at each spatial
location.

We calculated the standard deviation (o) and the coefficient
of variation (CV) from the resulting ensemble to describe the
spatial distribution of inversion uncertainty. These metrics are

defined as

)= & SN, (Hi,y) - H(x.y))
cvlz,y) = olx.y)/ H(z.y)

o

@)

where H;(z,y) is the ice thickness at location (z, y) from the ith
simulation, H (z,y) is the ensemble mean thickness, and N is
the total number of Monte Carlo simulations. The CV, defined as
the ratio of the standard deviation (STD) to the mean thickness,
provides a normalized measure of thickness uncertainty and is
used here to indicate inversion stability.

In addition, to assess the consistency and robustness of our
inversion results, we compared the thickness change rates be-
tween our results across multiple time periods and ICESat-2
observations. Multiperiod elevation differencing of land ice
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height using ATLO6 products is an indispensable method to
obtain the glacier thickness change.

IV. RESULTS
A. Glacier 3-D Velocities and Displacement Time Series

We derived the 3-D flow velocities of the Jiongpu glacier
from January 2019 to December 2021 using the PO-MSBAS
method, based on the same Sentinel-1 SAR dataset as in our pre-
vious publication [31]. Due to discontinuities in the descending
Sentinel-1 SAR image, we separated the velocity results into
four phases, as shown in Fig. 3. The maximum horizontal flow
velocity from January 2019 to April 2019 (Period 1) reached
150 cm/day [see Fig. 3(a)]. The peak downward motion was
observed at the summit of the western tributary, measuring
36 cm/day, while the maximum upward motion was 43 cm/day.
Fig. 3(b) shows the 3-D velocities from October 2019 to July
2020 (Period 2). The highest horizontal velocity increased to

240 cm/day at the confluence of the western tributary and the
main trunk. The maximum downward and upward velocities
were 118 cm/day and 51 cm/day, respectively. Fig. 3(c) illus-
trates the 3-D glacier flow velocities from January 2021 to
March 2021 (Period 3), with a maximum horizontal flow rate
of 63 cm/day. The highest horizontal velocity was observed at
the confluence of the western tributary and the main branch.
The maximum downward motion occurred at the peak of the
western tributary, measuring 34 cm/day, while the upward mo-
tion reached 17 cm/day along the main branch. The maximum
horizontal velocity from June 2021 to December 2021 (Period 4)
arrived at 130 cm/day, as shown in Fig. 3(d). The highest upward
vertical velocity was 49 cm/day. Notably, during this period,
the main branch exhibited a maximum downward velocity of
55 cm/day.

To capture the temporal evolution of motion, we extracted the
time series of 3-D displacements at two selected points (see
Fig. 4). As shown in Fig. 3, P1 is situated on the glacier’s
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Glacier thickness with varied rheological parameters. (a)—(e) Glacier thickness with rheological parameters ranging from 0.1, 0.3,0.5,0.7, 0.9, respectively.

(f) Glacier thickness with the optimum rheological parameter, as shown in Fig. 6(d).

western tributary, while P2 is located near Jiongpu lake. The
displacement time series from 2019 to 2022 was reconstructed
by fitting temporal subsets and interpolating across gaps in the
data [44]. We evaluated the uncertainties in the 3-D velocity
fields by computing the STD within a 3 x 3 pixel window
centered on each point. This approach is widely used for

uncertainty estimation in 3-D glacier velocity measurements
[45].

P1 exhibited northward motion in the north-south direction,
with a cumulative displacement of 400 + 16 m. In the eastward
direction, the displacement was 361 + 37 m. The cumulative
downward displacement reached 291 + 11 m in the vertical
direction from 2019 to 2021. For P2, the cumulative displace-
ments were 259 + 7 m in the north-south direction, 146 + 9 m
in the east-west direction, and 122 = 8 m in the vertical direc-
tion. Both points exhibited consistent northward and downward
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Fig. 6.

Choice of rheological parameter. (a) Averaged horizontal velocity of the glacier (units: m/yr). (b) Slope of the glacier (units: radian). (c) Ratio of the

slope and surface velocity. (d) Optimum rheological parameter. The visualization is generated from the same velocity dataset as in [31], but with a different spatial

coverage and analytical context.

glacier motion. P1 moved eastward, while P2 moved westward,
which aligns with the local topography. The glacier exhibited
downward movement at both points, P1 and P2.

B. Glacier Thickness With Varied Rheological Parameters

We investigated the glacier thickness under a range of rheo-
logical parameters, from 0.1 to 0.9. Fig. 5 presents the spatial
distribution of glacier thickness corresponding to different rhe-
ological parameters, including the optimal estimate. A larger
rheological parameter yields a thinner glacier for the same 3-D
velocity field, indicating an inverse relationship between the
rheological parameter and estimated glacier thickness.

To obtain an optimized glacier thickness distribution, we
further calibrated the rheological parameter using a spatially
variable approach. Based on (6), we computed the ratio be-
tween the terrain slope and the averaged horizontal velocity to
parameterize the rheological coefficient, as illustrated in Fig. 6.
The visualization is based on the same velocity dataset as in
our previous publication [31], but with a different spatial extent
and analytical focus. Fig. 6(a) displays the averaged horizontal
velocity, with a maximum velocity of 272 m/yr occurring at

the confluence of the western tributary and the main trunk.
Fig. 6(b) shows that the calculated average slope angle over
the glacier is approximately 10°. Fig. 6(c) shows the ratio
between glacier surface slope and horizontal velocity. Fig. 6(d)
shows the distribution of rheological parameter f. The applied
rheological parameter mainly ranges from 0.4 to 0.9, consistent
with conditions of temperate glaciers [10], [20], [38]. Rather
than applying a single empirical rheological value across the
glacier, we adopted a spatially variable approach to update the
rheological parameter field. This allowed for the derivation of an
optimized glacier thickness distribution, as shown in Fig. 5(f).

V. DISCUSSIONS

A. Sensitivity Analysis of Glacier Thickness to Rheological
Parameters

To assess the sensitivity of glacier thickness inversion to
variations in the rheological parameter, we conducted Monte
Carlo simulations by perturbing the flow factor f across a range
from O to 1. As shown in Fig. 7(a), the mean glacier thickness
decreases with higher values of f. The STD of glacier thickness
[see Fig. 7(b)] increases with higher f. The STD reaches over
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Fig. 9.

Glacier thickness results using time-specific 3-D velocities in four periods. (a)-(d) Glacier thickness results from January 2019 to April 2019, October

2019 to July 2020, January 2021 to March 2021, June 2021 to December 2021, respectively.

80 m when f > 0.6. The CV of glacier thickness is shown
in Fig. 7(c). When f is greater than 0.6, the CV approaches
1, indicating that the thickness results are gradually unstable.
These results highlight that glacier thickness inversion is highly
sensitive to the selection of rheological parameters, emphasizing
the necessity of optimizing the rheological parameters.

To evaluate the benefits of this optimization, we compared the
thickness in mean value, STD, and CV between models using
our optimum f and fixed f values (ranging from 0 to 1).

Fig. 8(a) shows the difference in the normalization mean
thickness between optimum and fixed rheological parameters.
As f increases, the difference between the optimum and fixed
values f gradually increases. Fig. 8(b)—(c) indicates our opti-
mized rheological parameter achieves reductions in uncertainty
with f 0.4, including STD and CV. The maximum reductions
reach 18.4% and 20.4% , respectively. In the lower f range
(0.1-0.2), minor increases in uncertainty are observed, which
may be attributed to the inherently weak sensitivity of the
thickness result, as shown in Fig. 7. In addition, our optimum
rheological parameter of the Jiongpu glacier is mainly greater
than 0.4. Moreover, it is worth noting that rheological parameters

close to 0.1 are physically unrealistic for temperate glaciers
in southeastern Tibet, where ice is typically warm-based and
deformable [17], [40].

These findings confirm that the effectiveness of employing a
spatially adaptive rheological parameter, derived from surface
slope and horizontal velocity. This adaptive approach contributes
to reducing inversion uncertainty, especially with high rheolog-
ical parameters.

B. Sensitivity Analysis of Glacier Thickness to Time-Variable
Ice Velocity

The four distinct 3-D velocity periods shown in Fig. 3 were
derived from SAR datasets spanning from 2019 to 2021. They
may significantly influence the resulting glacier thickness distri-
bution. To assess the impact of glacier flow velocity on glacier
thickness, we conducted a sensitivity analysis in which glacier
thickness was inverted independently for each period using the
corresponding 3-D glacier velocities.

Fig. 9 presents the resulting glacier thickness maps for each
period, highlighting spatiotemporal variations attributable to
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TABLE I
QUANTITATIVE IMPACT OF INCORPORATING VERTICAL VELOCITY ON GLACIER
THICKNESS INVERSION

Mean CV

. without Mean C,V with CV reduction
Period . vertical
vertical veloci (%)
velocity ty
1 1.68 1.03 38.70
2 1.70 1.04 38.82
3 1.78 1.03 42.13
4 1.64 1.04 36.59

For each time period, we report the mean CV with and without vertical velocity, and
the percentage reduction in CV.

changes in 3-D velocity. While the overall thickness patterns
remain consistent, especially in the accumulation zone and the
central trunk, noticeable local differences are observed near the
glacier terminus and in steep-sloped regions.

To quantify this temporal sensitivity, we computed the CV of
glacier thickness across the four periods. As shown in Fig. 10,
the distribution of CV values reveals overall variability in the
sensitivity of glacier thickness to temporal velocity changes.
Most areas exhibit low-to-moderate sensitivity (CV<0.2), re-
flecting stable inversion results despite changes in ice velocity.
A smaller portion shows higher sensitivity (CV > 0.3). These
dynamically active regions are more responsive to short-term
changes in glacier motion due to enhanced basal sliding and
strain-rate variations, resulting in greater temporal variability in
thickness inversion [46].

Our inversion thickness method provides the feasibility of
obtaining the thickness distribution under various 3-D velocity
fields.

To quantitatively assess the effect of incorporating vertical
velocity on the accuracy and stability of glacier thickness inver-
sion, we conducted a set of Monte Carlo simulations under two
scenarios: 1) using only the horizontal surface velocity, and 2)
incorporating both horizontal and vertical velocity components.

For each of the four time periods, we calculated the CV of
the inverted thickness results. As summarized in Table I, the
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TABLE II
MEAN STD OF GLACIER THICKNESS (IN M) UNDER DIFFERENT SLOPE
PERTURBATION SCENARIOS FOR EACH OBSERVATION PERIOD

Period +0.3° slope +1.0° slope +2.0° slope
error error error
1 2.38m 4.50m 6.08 m
2 2.39m 4.50 m 6.07 m
3 1.18 m 245m 371 m
4 2.66 m 4.44 m 5.76 m

inclusion of vertical velocity led to a substantial reduction in the
CV across all periods, ranging from 36.59% to 42.13% . For
example, during Period 3, the mean CV decreased from 1.78
(without vertical velocity) to 1.03 (with vertical velocity), cor-
responding to a42.13% reduction. This highlights the significant
contribution of vertical motion in enhancing the accuracy and
stability of glacier thickness inversion.

C. Sensitivity Analysis of Glacier Thickness to Slope Change

To evaluate the sensitivity of glacier thickness to uncertain-
ties in slope estimation, we conducted a series of controlled
perturbation experiments on the DEM-derived slope. It is essen-
tial to assess how elevation errors may propagate through to the
final thickness results.

Artificial slope perturbations were introduced at three levels:
+0.3°, £1.0°, and +2.0°. For each perturbation level, we per-
formed Monte Carlo simulations using the modified slope fields
while keeping all other parameters constant. The STD of the
resulting glacier thickness was computed to quantify the impact
of these slope changes.

Fig. 11 shows histograms of the thickness STD under the three
levels of slope perturbation across four time periods. The distri-
butions exhibit that the majority of the values are concentrated
below 10 m. The results highlight that small slope errors can
introduce variability in ice thickness estimates.

Table Il summarizes the average STD of ice thickness for each
period and perturbation level. A slope error of +0.3° results in
average uncertainties ranging from 1.18 to 2.66 m, depending on
the observation period. In contrast, a slope perturbation of +2.0°
leads to greater uncertainty, with mean STD values reaching up
to 6.08 m.

These results indicate that slope uncertainty can introduce
variability in thickness inversion. When the average glacier
thickness in our study ranges between 60 and 120 m, the relative
uncertainty ranges from 3.1% to 10.1% .

D. Consistency Evaluation Using Multitemporal Thickness
Change Rates and ICESat-2 Datasets

To further evaluate the consistency of our inversion frame-
work, we reconstructed glacier thickness at four distinct time
periods, as shown in Fig. 9. Based on these reconstructions,
we calculated thickness change rates (dh/dt) over three time
intervals.

As illustrated in Fig. 12, panel (a) shows the histograms of
glacier thickness change rates (dh/dt) for three time periods,
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Thickness change rates (dh/dt) and their associated uncertainties over three time intervals of the Jiongpu glacier. (a) Histograms of dh/dt from February

2019 to February 2020 (~12 months), February 2020 to February 2021 (~12 months), and February 2021 to September 2021 (only ~7 months), respectively.

(b) STD of dh/dt during three different periods.

while panel (b) displays the corresponding uncertainties, ex-
pressed as the STD of dh/dt. The dh/dt values for most pixels
generally range between —0.5 and 0.5 m/day. The mean STDs of
dh/dt for the three periods are 0.29, 0.31, and 0.52 m/day, respec-
tively. Notably, the highest STD is observed in the third period
(February 2021 to September 2021), which can be attributed to

the shorter time interval and the inclusion of ablation-intensive
seasons.

To evaluate the consistency of thickness changes between
the ICESat-2 measurements and our model-based estimates,
we compared the thickness change rates derived from ICESat-
2 measurements with our results over different time periods.
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Fig. 13.
maps.

Fig. 13 shows the footprints of six ATLO6 laser beams on
the glacier surface from January 2019 to October 2020. We
observed that the distribution of the ICESat-2 laser beams varied
at different times within the same orbit. The strong photons
from the second-right, second-left, third-left, and third-left laser
beams, observed on 10 January 2019, 11 April 2019, 8 July
2020, and 6 October 2020, were extracted to illustrate the
elevation changes in the common area of the Jiongpu glacier. The
thickness changes observed by ICESat-2 along glacier transects
were obtained from elevation differences from January 2019 to
October 2020.

Fig. 14(a) illustrates the thickness change along a common
transect. Meanwhile, our thickness changes exhibit spatial vari-
ability due to varying time spans. The trends from February
2019 to February 2020, February 2020 to February 2021, are
largely consistent with ICESat-2 observations. From February
2021 to September 2021, an accelerated thinning trend was
clearly observed 2021. Fig. 14(b) presents the correlation matrix,
showing a strong positive correlation between the ICESat-2
measurements and the period 1-2 estimates (R = 0.91), a mod-
erate correlation between period 2-3 (R = 0.68), and a weaker
correlation between period 3-4 (R = 0.38). The decreasing
correlation values can be attributed to the varying time between
ICESat-2 measurements and each period of our thickness results.

Footprints of the six ICESat-2 ATL06 beams on the glacier surface from 2019 to 2020 (dates: yyyymmdd). The background images are Google Earth

It should be noted that the comparison with ICESat-2 eleva-
tion change does not serve as a direct validation of absolute
ice thickness. Such indirect consistency checks are especially
valuable in glacier regions where direct thickness measurements
are unavailable.

By ensuring internal consistency among model outputs and
external agreement with ICESat-2 observations, this approach
provides a reliable framework for evaluating glacier dynamics,
especially inregions lacking dense ground-based measurements.

E. Limitations and Future Directions

While the proposed method demonstrates promising perfor-
mance on the studied glacier, its applicability to other glacier
environments should be considered with respect to both terrain
conditions and data availability. A primary limitation arises
from layover and shadow effects inherent to SAR imaging,
which are particularly severe in steep or rugged terrain and
can restrict surface visibility. Because the reconstruction of 3-D
surface velocity requires both ascending and descending SAR
acquisitions, reduced visibility in either orbit may lead to spatial
gaps or increase uncertainties in the velocity fields. In contrast,
glaciers situated in open valleys or on moderately sloped terrain
experience fewer visibility issues, making the method especially
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effective in such settings. Under these favorable conditions,
with high-quality ascending and descending acquisitions, the
method can provide robust and spatially continuous 3-D velocity
reconstructions.

In addition to terrain, the broader applicability of the frame-
work is influenced by the availability and quality of multisource
datasets. The inversion workflow requires ascending and de-
scending SAR imagery, DEMs, and glacier-wide mass balance
estimates. These datasets are not always uniformly accessible
across different regions, and in data-scarce environments, the
method may need to rely more heavily on prior assumptions
or regularization strategies to stabilize the inversion [35], [36].
Moreover, glaciers covered by thick debris pose further chal-
lenges, as the insulating effect of debris alters flow dynamics
and thickness distribution, potentially reducing the accuracy of
velocity—thickness inversion [47]. These conditions highlight
the importance of tailoring the approach to glacier-specific
characteristics.

Nevertheless, the method remains well-suited for applications
in regions with favorable SAR acquisition geometries and suffi-
cient ancillary data. For glaciers located in narrow valleys or sur-
rounded by steep headwalls, complementary observations such
as optical stereo imagery or auxiliary topographic masks could
help mitigate visibility limitations and strengthen inversion reli-
ability. Looking ahead, enhancing the framework with advanced
remote sensing technologies and machine learning techniques
offers a promising avenue to improve robustness under subop-
timal conditions and extend applicability to a wider variety of
glacier types. Such developments would further strengthen the
generalizability of the approach and its contribution to glacier
monitoring in diverse glaciological settings.

In summary, the method is particularly applicable to

1) valley glaciers with moderate slopes where SAR layover

and shadow are minimized,

2) debris-free or thinly debris-covered glaciers where flow

dynamics can be well captured, and

3) regions where both ascending/descending SAR acquisi-

tions and reliable DEMs are available.

Conversely, the applicability is more limited for steep head-
wall glaciers, heavily debris-covered glaciers, or data-scarce
regions. This highlights that, under favorable geometric and
data conditions, the proposed framework can be generalized to
a broad range of glacier types, demonstrating its robustness and
transferability.

VI. CONCLUSION

This study proposes a remote sensing-based framework for
estimating glacier thickness by leveraging 3-D surface velocities
derived from multitrack SAR imagery. Using the PO-MSBAS
technique, we reconstructed displacement time series and 3-D
velocity fields of the Jiongpu glacier from 2019 to 2022. Glacier
thickness was inverted through a Monte Carlo-based approach
by solving the mass conservation equation, incorporating spa-
tially adaptive rheological parameters determined from surface
slope and horizontal velocity.

We conducted a sensitivity analysis to evaluate the impact of
rheological parameters, time-variable 3-D velocities, and slope
changes on glacier thickness inversion. Results show that em-
ploying a spatially adaptive rheological parameter significantly
reduces inversion uncertainty. Incorporating vertical velocity
enhances the thickness accuracy, with uncertainty reduction
of 42.1% . Furthermore, consistency evaluation by comparing
our multitemporal thickness change estimates with ICESat-2
observations confirmed the robustness of the inversion results in
the absence of in-situ validation data.

By minimizing the dependence on in-situ measurements and
detailed physical parameters, our method provides an efficient
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approach for estimating glacier thickness variations across space
and time, particularly in remote mountainous regions. It holds
potential for application to mountain glaciers across High Moun-
tain Asia, supporting monitoring of glacier evolution under
ongoing climate change.
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